Abstract. Unsteady free convection flow of Casson fluid over an unbounded upright plate subject to time dependent velocity Uof (t) with constant wall temperature has been carried out. By introducing dimensionless variables, the general solutions are obtained by Laplace transform method. The solution corresponding to Newtonian fluid for γ → ∞ is obtained as a limiting case. Exact solutions corresponding to (i) f (t) = f H(t), (ii) f (t) = f t a , a > 0 (iii) f (t) = f H(t)cos(ωt) are also discussed as special cases of our general solutions. Expressions for shear stress in terms of skin friction and the rate of heat transfer in the form of Nusselt number are also presented. Velocity and temperature profiles for different parameters are discussed graphically.
Introduction
For the last few decades Casson fluid become popular among researchers due to its importance in the field of food processing, drilling muds, metallurgy, different oils and suspensions and in bioengineering. Casson fluid is assessed as a non-Newtonian fluid because of its rheological traits. These characteristics display shear stress-strain relationships which might be extensively one of a kind from Newtonian fluids. Unlike Newtonian fluids, these fluids are described by a nonlinear relationship between the stress and the rate of strain. These fluids can be complicated when compare to Newtonian fluids and can not be described by Navier-Stokes equations. The properties of non-Newtonian fluids's flow can be very critical due to the fact they play an extensive part in engineering and industry. In numerous regions of biorheology, geophysics, and chemical and petroleum industries such interest is encouraged because of their considerable application. As a result the research on non-Newtonian fluids have now increasingly grown and becomes a more attractive subject matter of modern studies in this discipline. It is therefore important to focus the study of Casson fluid. As non-Newtonian fluids are complicated in nature, they are very hard to explain by a single constitutive relation. So different constitutive equations and expressions are established to discuss their behavior. Second grade, Maxwell, Power law, viscoplastic, Jeffrey, Bingham plastic, Brinkman, Oldroyd-B and Walters-B are some examples of these models [1, 2, 3, 4, 5, 6, 7, 8, 9] . Recently, Casson model has attracted the attention of the researchers. Casson properties were firstly described by Casson [10] for the flow charecteristics of pigment oil solutions of the printing ink. So, to produce the motion, the shear stress of Casson fluid must be greater than the yield shear stress, and if not then fluid acts like a solid. Such kind of fluids are considered as a viscous fluid with high viscosity [11] . At zero rates of shear, Casson fluid has a boundless viscosity and a yield stress below which flow cannot be occurred. Casson model exhibits the solid and liquid phases [12] . In fluid dynamics, the study of Casson fluids become very important due to its various applications in pharmaceutical products, paints, lubricants sewage sludge, jelly, tomato sauce, honey, soup, and blood. Blood can also be handled as Casson fluid because of the presence of numerous materials inclusive of protein, fibrinogen, globulin in aqueous base plasma and human red blood cells [13, 14] . Afterwards, a lot of work is done on Casson fluid for different flow conditions and combinations by researchers [ [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] . Free convection takes place when the medium transferring the heat is being inspired to move by the heat itself. This happens both, in the case of gases because the medium expands as it heats up and also because buoyancy causes the warmer fluid to rise. Convection is of three types namely free, mixed and force. Amongst them free convection is important in many engineering applications including an example of automatic control systems consist of electrical and electronic components, regularly subjected to periodic heating and cooled by free convection process. Many scientists studied the free convection phenomena for different situations [25, 26, 27, 28, 29, 30, 31] . Free convection phenomena has wide applications in engineering, industrial, nuclear reactors technology, geophysics, geothermal energy, construction insulation, food processing and aeronautics. Mixed convection stagnation-point flow of Casson fluid with convective boundary conditions is examined by Hayat et al. [32] . Mustafa et al. [33] investigated the unsteady flow and heat transfer of a Casson fluid over a moving flat plate.
Rao et al. [34] considered the thermal and hydrodynamic slip conditions on heat transfer flow of a Casson fluid over a semi-infinite upright plate. Heat transfer flow of a Casson fluid over a permeable shrinking sheet with viscous dissipation was considered by Qasim and Noreen [35] . Exact solutions for unsteady free convection flow of Casson fluid over an oscillating vertical plate with constant wall temperature and unsteady MHD free convection flow of Casson fluid past over an oscillating vertical plate embedded in a porous medium are studied by Sharidan Shafie et al. [36, 37] . Unsteady boundary layer flow and heat transfer of a Casson fluid over an oscillating upright plate with Newtonian heating was investigated by Abid Hussanan et al. [38] . Natural convection flow of a non-Newtonian Casson fluid over an upright stretching plane with mass diffusion is examined by A. Mahdy [39] . In all of the above studies the solutions of Casson fluid are obtained by using either approximate method or any numerical scheme. There are very few cases in which the exact analytical solutions of Casson fluid are obtained. These solutions are very few when Casson fluid in free convection flow with constant wall temperature is considered. However, the Casson fluids model in the presence of heat transfer, is an vital research area as it is frequently used to process molten chocolate, toffee and blood situations. Motivated by the above investigations, the present analysis is focused on the study of jerky and unformed free convection flow of Casson fluid past an upright plate subject to the time dependent velocity with constant wall temperature. Analytical as well as numerical results for skin friction and Nusselt number are obtained. Also we will discuss the effects of different parameters on the velocity and temperature profiles graphically.
Statement of the problem
Consider the impact of heat diffusion on jerky and unformed boundary layer flow of an incompressible Casson fluid over an unbounded flat plate located at y=0. The flow is restricted to y > 0, where the x coordinate is taken along the plate in the upright direction and y is normal direction to the surface. Let us suppose that, initially at t = 0, the fluid and plate are stationary with invariant temperature T ∞ . When time is t = 0 + , the plate starts moving with time dependent velocity U o f (t) in its plane where U o is the characteristics velocity. At the same time, the plate temperature raised to constant temperature T w . The rheological equation of the state for an isotropous and incompressible flow of a Casson fluid can be written as [19, 31] Figure 1 . Coordinate system and Physical model where τ is the shear stress, τ 0 is the Casson yield stress, µ is the dynamic viscosity, γ * is the shear rate, π = e ij e ij and e ij is the (i, j) th component of the deformation rate, π is the product of the component of deformation rate with itself, π c is a critical value of this product based on model, µ β is plastic dynamic viscosity of non -Newtonian fluid and p y is the yield stress of fluid. Under the conditions along with the assumption that the viscous dissipation term in the energy equation is neglected, we get the following set of partial differential equations [36] ,
In the next, the solution of coupled partial differential equations (2) and (3) with the initial and boundary conditions will be determined by means of Laplace transforms.
Solution of the problem
In order to solve the above problem, we firstly introduce the following dimensionless quantities.
∂u(y, t) ∂t
Pr
where Pr = , are Prandtl number, Grashof number and Casson Parameter respectively. In order to solve the initial-boundary value problem (7), (8), (9), (10), (11), we use the Laplace transform technique. The Laplace transform of equations (7) and (8) is given as
and associated initial and boundary conditions are:
whereū(y, q),θ(y, q) andF (q) are Laplace transform of the functions u(y, t), θ(y, t) and f (t) respectively. The solution of equation (13) subject to (14), (15) is given byθ
The general solution of (12) keeping in mind (14) and (15),
where b = aGr P r−a , Pr = a and a = γ 1+γ . By inverting equation (16), we have the expression for the non dimensional temperature θ(y, t) = erf c y 2
The nondimensional Nusselt number is
Applying the inverse Laplace transform to (17) , the velocity u(y, t) can be written as a sum, namely 
where u t (y, t) = b t + ay 
corresponds to the thermal effects, and
corresponds to mechanical part. The non-dimensional skin friction is calculated from the velocity field (21), using the relation τ = −µ 1 +
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Limiting cases
Case 1: Taking γ −→ ∞ ⇒ a = 1 in equation (21) . We obtained the solution corresponding to the viscous fluid.
−Pry 2 4t
, P r = 1
Case 2: In the absence of free convection the corresponding buoyancy forces are zero i.e (Gr = 0) due to the differences in temperature gradient. This shows that the thermal part of the velocity is zero and flow is governed only by mechanical part of the velocity.
Applications (i):
Let us firstly consider f (t) = f H(t) where f is a dimensionless constant and H(.) is the unit Heaviside step function. In this case, after time t = 0 + , the infinite plate starts to move with constant velocity. The thermal component of velocity u t (y, t) remain unchanged, while u m (y, t) takes the simplified form
or equivalently
in more simplified form,
and equation (21) 
is a known result obtained by Sharidan et al. ( [36] , see (22)), which describe the solution of Stokes first problem for Casson fluid.
(ii): When f (t) = f t a , a > 0 equation (23) becomes
when a = 1 the plate starts to move with constant acceleration. The corresponding expression of the mechanical component u m1 (y, t), resulting from (31), is
evaluating the integral,
(iii): When f (t) = f H(t)cos(wt), oscillating motion Equation (21) becomes 
where
This is the mechanical component of the fluid velocity in the motion induced by an infinite oscillating plate. It can be written as a sum between steady-state and transient solutions: On evaluating equation (34) 
.
which is identical to Sharidan [36] .
Graphical results and discussion
For the sake of conclusion of the behavior of dimensionless temperature and velocity fields and to get some tangible perception of the obtained solutions, successive numerical calculations were accomplished for different values of pertinent constraints like Prandtl number P r, Grashof number Gr, time t and Casson parameter γ. Numerical calculations of Nusselt number and skin friction are presented in tables 1 and 2 for different constraints. Figure 2 -8 correspond to the case when the plate applies a constant velocity to the fluid. Figure 2 illustrates the consequence of time t on the velocity. It is depicted that the velocity is an increasing function of time t. Figure 3 shows the profiles of velocity for different values of Gr which states that velocity is decreasing with decreasing values of Gr. In Figure 4 , consequences of Prandtl number upon velocity profiles are shown. This indicates that velocity of the fluid is decreasing with increasing Prandtl number. In Figure 5 , effect of Casson parameter upon velocity profiles are discussed. It is noted that for increasing values of γ, velocity decreases. It is also seen that with increasing Casson parameter velocity boundary layer thickness shorter. It is further noticed from this graph that when the Casson parameter γ is large enough, that is, γ → ∞, the non-Newtonian behavior vanishes and the fluid acts just like a Newtonian fluid. Therefore, for Casson fluid, the velocity boundary layer thickness is greater as compare to the Newtonian fluid. Figure 6 interprets the profiles of velocity for different values of f. It is noticed that velocity increases when f is increased. The consequence of time t on temperature profiles can be seen in Figure 7 . As expected, when the time is increased, the temperature is also increased. This graphical behavior of temperature is in good accordance with the corresponding boundary conditions of temperature profiles as shown in Figures 8 and 9 . Figure 8 illustrates the effect of specific values of Prandtl number such as P r = 0.71 (air), P r = 7.0 (water), and P r = 25 (honey) on the temperature profile. It can be seen that temperature falls as the values of Prandtl number P r are increased. It is depicted from the diagram that near the plate, thickness of thermal boundary layer is largest. It can be seen that the value of temperature is smaller for honey as compared to water and air. The reason behind this is as Prandtl number increases thermal conductivity of the fluid decreases which reduces the thickness of thermal boundary layer. For the sake of correctness and verification, obtained results are tallied with those of Fetecau et al. [40] and Sharidan et al. [36] . Figure 9 shows that our results (37) are in good accordance with those obtained by Sharidan et al. ([36] , see (14)). This confirms the accuracy of our obtained results. It is also found from Figure 10 , that our limiting solutions (35) are identical the results obtained by Fetecau et al. ([40] , see (9) and (11)) and by Sharidan et al. ([36] , see (24)). Table 1 indicates that with increasing P r, Nusselt number is increasing whereas it decreases with increasing t. From Table 2 , it is found that skin friction increases with increasing P r and f whereas it increases with decreasing Gr, γ and t. Comparison of the present results (see (35) ) with those obtained by Fetecau et al. [40] (see (8) and (10)) Sharidan et al. [36] (see (24) ) and, when t = 0.2, Gr = 0, a = 1, U = 1, f=1 and ν = 1. 
Conclusion
General solutions of the casson fluid over a vertical plate subject to the time dependent velocity with invariant wall temperature are obtained. The governing equations are obtained by using Laplace transform method. Results for temperature and velocity are obtained and plotted graphically. The fluid velocity is presented as a sum of thermal and mechanical parts. All results regarding velocity are new and its mechanical and thermal component reduces to known forms from the literature. Also, to underline some tangible observation of present solutions, three special cases of technical relevance motions are considered. The first case is about the fluid motion due to a boundless plate that employed an invariant velocity to the fluid. The second case when the plat is accelerating and the third case when plate is moving with oscillating velocity. The numerical results for Nusselt numbers and skin friction are computed in tables. We conclude these facts: deccreasing values of Gr, γ and t. (6) Nusselt number increases with increasing Pr, whereas it decreases with increasing t. (7) Solutions (35) and (37) are found in excellent accordance with those obtained by Sharidan et al. [36] and Fetecau et al. [40] .
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